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CHARACTER TABLES REFLECTING 
CORRESPONDENCES BETWEEN HOPF ALGEBRAS 
"(NT AND THEIR DUALS 

■ 

(S| . MIRIAM COHEN AND SARA WESTREICH 

O ■ 

\ Abstract. We continue studying properties of semisimple Hopf 

(-H ■ algebras H over algebraically closed fields of characteristic re- 

£f) \ suiting from their generalized character tables. We show that just 

> as normal subgroups of a finite group can be recovered from its 

character table so does the generalized character table of H re- 
flect the normal left coideal subalgebras of H, N. These N are the 
Hopf analogues of normal subgroups in the sense that they arise 
from Hopf quotients. Such N are invariants of H under the left hit 
\ action of Hopf subalgebras of H*, they appear as Hopf algebraic 

analogues of (semi) kernels and as images of the Drindfeld map 
of quasitriangular Hopf algebras. We apply these ideas to prove 

1 i ■ Hopf analogues of known results in group theory. Among the rest 

we prove that columns of the character table are orthogonal and 
that all entries are algebraic integers. We prove a Burnsidc-Brauer 
theorem for almost cocommutative H. We also prove the Hopf al- 
qq ■ gebras analogue of the following (Burnside) theorem: If G is a 

f*"*- | nonabelian simple group then {1} is the only conjugacy class of G 

l/"") ■ which has prime power order. 

<n : 

We dedicate this paper to the late Bettina Zoeller- Richmond whose joint seminal 
• • | work with Nichols is at the basis of many of the results in this paper. 

£ : 

H ■ INTRODUCTION 
C3 ■ 

In this paper we mainly continue studying properties of semisimple 
Hopf algebras H over an algebraically closed field of characteristic 
with special emphasis on Hopf algebraic analogues of character tables. 
Unlike character tables for groups they need not be square matrices, 
they do however reflect various properties of H. For example, an impor- 
tant application of character tables of finite groups G is the fact that 
all normal subgroups of G can be recovered from them. Analogously 
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we show that for semisimple Hopf algebras H, all normal left coideal 
subalgebras can be recovered from their character tables. 

This strengthens the basic philosophy that the analogue of normal 
subgroups for Hopf algebras are normal left coideal subalgebras, N, 
rather than the more naive notion of normal Hopf subalgebras. Such 
N occur whenever one deals with Hopf quotients. We show in fact that 
such N can be realized as invariants under the left hit actions of Hopf 
subalgebras of H* . Specific examples are the so called left kernels of 
representations of H, which are analogues of kernels of representations 
of a group G, (an idea introduced by Burciou). We also introduce 
semi-kernels, a Hopf algebra analogue of certain normal subgroups of 
G which contain such kernels. 

In a different direction, trivial for groups, examples of normal left 
coideal subalgebras are images of the Drinfeld map for quasitriangular 
Hopf algebras. 

We apply these ideas to prove among the rest following (Burnside) 
theorem: If G is a nonabelian simple group then {1} is the only con- 
jugacy class of G which has prime power order. 

The paper is organized as follows: In the preliminaries we define con- 
jugacy classes €j, normalized class sums r]j and a generalized character 
table as follows: 

Let {±A — Fq, . . . F m -i} be a complete set of central primitive idem- 
potents of R(H). For each j, let {fy}, 1 < i < rrij be a full set of prim- 
itive orthogonal idempotents of the algebra FjR(H). Then fijR(H) are 
all isomorphic as right -R(if)-modules of dimension rrij. The conjugacy 
class <tij is defined as: 

For each j choose a representative for each conjugacy class by taking 
arbitrarily i, and defining: 

fj = fij ^3 = ^ij m 

Define also 

i 

We generalize also the notions of Class sum and of a representative 
of a conjugacy class as follows: 

We refer to rjj as a normalized class sum. 
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The generalized character table of a semisimple Hopf algebra H 
over k is given by: 

dj \Xii Vj) j 

< i < n - 1, < j < m - 1. 

In §2 we describe certain correspondences between H* and H. Let 
— 51 denote the left hit action of if* on if. For any subalgebra T of H* 
we define the if- invariants under — K 

H T = {h e H \ b ^ h = (b,l) h, Vb e T}. 

We prove: 

Theorem 12. 4t Let if be a finite dimensional Hopf algebra, then there 
exists a bijective correspondence between left coideal subalgebras T of 
if* and left coideal subalgebras A of H. The maps 

T^H T A -)■ (ii*) A 

are inverses of each other, that is, 

T = {H*) HT A = H {H * )A 

This correspondence gives an alternative description of left-kernels 
of an ii-representation V, LKery defined by Burciu as: 

LKery = {he H \ ^ hx ® h 2 ■ v = h<%> v , Vf G V}. 

We show: 

Theorem 12. 9t Let ii be a Hopf algebra and V a finite dimensional 
representation of H with afforded character xv- Let -By be the bialge- 
bra (and thus the Hopf subalgebra) of H* generated by xv- Then 

H Bv = LKery. 

Just as for groups we say that xv is a faithful character if LKery = 
kl. Giving an alternative proof of the generalized Burnside-Brauer the- 
orem ( |Bu2l 4.2.1]). If the character algebra R(H) is assumed to be 
commutative we get a complete analogue of the Burnside-Brauer the- 
orem as follows. Define the value set 

X{H) = {(x,Vj) I all Vj}- 

Then: 

Theorem 12.12b Let if be a semisimple Hopf algebra such that R{H) 
is commutative and let x be a faithful character of H. Set 

t = number of distinct values in x{H)- 



4 



MIRIAM COHEN AND SARA WESTREICH 



Then each character jj, of H appears with positive multiplicity in at 
least one of {e, x, X 2 , • • • , X^ 1 }- 

We then show: 

Theorem I2.13t Let if be a semisimple Hopf algebra over an alge- 
braically closed field of characteristic 0. Then the following are equiv- 
alent: 

(i) There exists a 1- dimensional representation of H with a faithful 
character. 

(ii) R{H) = k (a) , where a is a grouplike element of H* . 

(iii) H = (k (&))*, cr is a grouplike element of H*. 

In §3 we prove that normalized class sums rjj are in fact irreducible 
characters of R(H). 

Theorem I3.lt Let if be a semisimple Hopf algebra over k, {rjj} the 
normalized class sums of H. Then the irreducible character fij of R(H) 
corresponding to the irreducible i?(if )-module fjR(H) can be identified 
inside Z(H) as rjj. 

We use this to prove orthogonality of columns of the generalized 
character table. 

Theorem l3.5t Let ii be a ci-dimsnsional semisimple Hopf algebra over 
C, then 



Another property of the generalized character table, which is known 
for groups and is of essential importance in proving later the existence 
of various normal left coideal subalgebras, is the following: 

Theorem 13. 8t Let ii be a semisimple Hopf algebra over C with a 
character table where £y = (XhVj) an d fjR{H) an irreducible 
right R(H) module of dimension rrij. Then 
(i) Each entry of the i-th row of the character table satisfies: 



(ii) Equality holds if and only if right multiplication by \ii r xi ac ^ s 011 
fjR(H) as ai Id/^H), where |at 4 | = (XiA)- 

(iii) (xi, r}j) = mjiXi, 1) if and only if r Xi acts on fjR(H) as (xi, 1) Id fjR ( H) . 

We extend the definition of left kernels to a;- left kernels, u G C, as 
follows: 

LKeiy = {h G H\ V] hi ® h 2 ■ v = tuh <8> v \fv G V, \u\ = l}. 





\(Xi,Vj)\ < rn,j(xi,l)- 
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Then LKeiy is a left coideal stable under the adjoint action of if 
and @ LKery is a graded normal left coideal subalgebra of H. For 
groups this boils down to the normal subgroup of G sometimes denoted 
byZ( Xv ) (EDef 2.26]). 

We prove essential relations between the character table and w-left 
kernels by using the an equivalence relation on characters introduced 
by [NR21 Prop. 18]. 

Theorem I3.14t Let if be a semisimple Hopf algebra over an alge- 
braicly closed field k of characteristic 0, x% an irreducible character 
and Fj a central primitive idempotent of R(H). Then the following are 
equivalent: 

(i) F jXi = Ui{Xi, l)Fj, \ut\ = 1. 

(ii) (XhVj) = ^i m j{XiA), = 1- 

(iii) & C LKer$. 

Moreover, if the equivalent conditions hold then Ui is a root of unity 
of order t, where t divides dim if. 

In particular, when u = 1 we relate normal left coideal subalgebras 
which are left kernels to the character table: 

Theorem 13. 15t Let if be a semisimple Hopf algebra over an alge- 
braicly closed field k of characteristic 0, B the Hopf subalgebra of H* 
generated by %ii an d Fj a central primitive idempotent of R(H). Then 
the following are equivalent: 

(i) F jXi = <Xi,l)F j 

(ii) (XhVj) = mj (%h 1) • 

(iii) € j C LKer Vi = H B . 

In §4 we apply the results of the previous sections with known results 
for groups. In particular we prove a theorem of Burnside for groups in 
our context. 

Theorem 14. 5t Let if be a non- commutative quasitriangular semisim- 
ple Hopf algebra over C whose only normal left coideal subalgebras are 
C and H. Then C is the only conjugacy class of H with a prime power 
dimension. 

This theorem is an essential step in the proof of Burnside p a q b the- 
orem for groups, which was generalized to fusion categories in |ENOj . 
We prove here an interesting property of normal left coideal subalgebras 
of factorizable Hopf algebras of dimension p a q b . 

Theorem 14. lOt Let if is a factorizable semisimple Hopf algebra of 
dimension p a q b , a + b > 0, and let N be a normal left coidal subalgebra 
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of if. Then N contains a central grouplike element. In particular, any 
minimal normal left coidal subalgebra of if is a central Hopf subalgebra 
of if of prime order. 

1. Preliminaries 

Throughout this paper, if is a finite-dimensional Hopf algebra over 
a field k, in some cases we assume k = C. We denote by S and s the 
antipodes of if and if* respectively and A and A the left and right 
integrals of if and if* respectively so that (A, A) = 1. We say that if 
is unimodular if A is also a right integral (this is the case when if is 
semisimple). Denote by Z(H) the center of if. 

Recall that any subbialgebra of if is necessarily a Hopf subalgebra. 

The Hopf algebra if* becomes a right and left if-module by the hit 
actions ^— and — ^ defined for all a G if, p G if*, 

(p ^— a, a') = (p, aa!) (a — ^ p, a') = (p, a' a) 

if becomes a left and right H* module analogously. 

Denote by ad the left adjoint action of H on itself, that is, for all 
a,hEH, 

Kd a = ^2h ia S(h 2 ) 

A left coideal subalgebra of H is called normal if it is stable under 
the left adjoint action of H. 

Let D(H) denote the Drinfeld double of the Hopf algebra H. It is not 
hard to see that if is a D(H) -module with respect to the left adjoint 
action of H on itself and the left action —r of H* on if, defined by 

p —r h = h s^ 1 (p). 

Denote by Coc (if*) the algebra of cocommutative elements of H* 
which equals the set of all p G ff * so that (p, ab) = (p, ba) for all 
a,b G ff. Denote by R{H) the fc-span of all irreducible characters. 
It is an algebra (called the character algebra) which is contained in 
Coc(if*). A necessary and sufficient for them to equal is that if is 
semisimple. 

Recall [Sk] , any left coideal subalgebra A of if contains a left integral 
A^. Moreover, if A\ C A 2 are left coideal subalgebras then A 2 is free 
over A\. This implies in particular that: 

Remark 1.1. If A ^ B are left coideal subalgebras of if then A^ ^ Kb- 
If if is semisimple, then A is semisimple and (A^, 1) 7^ 0. 
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Let V be a finite dimensional left if -module with a character xv 
and let Ry be the coalgebra in H* generated by xv- Then R v can 
be described explicitly as follows: Let 5y be the corresponding right 
if *-comodule structure map on V, then for a basis {v i . . . , v n } of V, we 
have 5y (f j) = <8> x^i, and xv — Yl x u- ^ follows that 

(1) 5 V (V) C V® R v . 

Note that i?y contains all the irreducible constituent of xv, and thus 
V is irreducible if and only if Ry is a simple coalgebra. Note also that 
for any finite dimensional left if-modules V, W, 

RyRw = Rv®w- 

Let H be a semisimple Hopf algebra {V , . . . V n _i} a complete set 
of non-isomorphic irreducible if -modules, V = k, and {E , . . . E n _{\ 
and {xo> • • • Xn-i} be the associated central primitive idempotents and 
irreducible characters of H respectively, where Eq = A and xo — e - Let 
dim Vi = di = (xi, 1), then A = xh = Yh=o diXi- 0ne has (see e.g [ScJ 
Cor.4.6]): 

(2) ( Xi , Ej) = Sydj, A - X j = J S ( E j)- 

In particular, {xi}, are dual bases of R(H) and Z(H) respec- 

tively. 

Since H is semisimple, we have: 

XiXj = ^2 m ljXi, 
i 

where are non-negative integers. 

For a semisimple Hopf algebra over an algebraically closed field k 
of characteristic 0, let Irr(if) be the set of irreducible characters of H. 
Then any simple subcoalgebra Bi of H* contains precisely one character 
that generates Bi as a coalgebra. Since B = @ ie/ Bi, where each Bi is a 
simple subcoalgebra of H*, it follows that B is the coalgebra generated 
by i?nlrr(if ). Also, if x G B then all its irreducible constituents belong 
to B as well. 

In particular, if B is a Hopf subalgeba of H* then 

As = diXi 
Xl eiTT(H)nB 

is a nonzero integral for B. 

It is known ( |Kac[ IZ]) that when H is semisimple then so is R(H). Let 
{k\ = Fq, . . . F m -i} be a complete set of central primitive idempotents 
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of R(H). For each j, let {fij}, 1 < i < tuj be a full set of primitive 
orthogonal idempotents of the algebra FjR(H). Then fijR(H) are all 
isomorphic as right )-modules of dimension rrij. 

Motivated by group theory the conjugacy class €.y as: 

(3) U d = A ^ fijH*. 
Then we have shown in |CW3l Th.1.4] that: 

is an irreducible D(H) -module. 

Moreover, €ij = <£tj as left -modules for all 1 < i, t < rrij. In 

particular, they have the same dimension, which equals dim(fijH*). 
Choose arbitrarily i, and set 

(4) fj = fij <£j = <tij. 
We have shown in [UW3l Th.1.4] that, 

(5) H ©jro 1 ^ 

as D(if)-modules. 

We generalize also the notions of Class sum and of a representative 
of a conjugacy class as follows: 

(6) C, = A^iF„ 

We refer to rjj as a normalized class sum. 

By general ring theory considerations (see e.g. |Lo[ §3]), dim f)H* 
does not depend on the choice of the primitive orthogonal idempotent 
fj belonging to Fj, hence neither does rjj. Note that contrary to the 
group situation, one does not always have rjj G <£j, however, rjj e 

i=i ■ 

Since f = ^A, it follows that / = F , m = 1, dim/ -^* = 1 and 
Vo = 1. 

When R(H) is commutative then the central primitive idempotents 
of R(H), {Fj} are also minimal idempotents, thus i^- = fj and they 
form another basis for R(H). Moreover, for any character \ and prim- 
itive idempotent Fj, 

(7) X F 3 = ( X ,Vj)Fj. 



We can define now a generalized character table for H as follows: 
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Definition 1.2. The generalized character table of a semisimple 
Hopf algebra H over k is given by: 

< % < n - 1, < j < to - 1. 

Note that = (x«, 1) = and £oj = "^j = dim fjR(H) for all 
< i < n - 1, < j < m - 1. 

2. Invariants under the left hit action 

In this section we relate Hopf subalgebras of H* and normal left 
coideal subalgebras of H. We do in fact realize them as invariants under 
the left hit action. 

For any subalgebra T of H*, denote by H T the set of T-invariants 
of H under the left hit action. That is, 

(8) H T = {h e H \b -± h = (b, l)h, V6 G T} 

Remark 2.1. If H is semisimple and iV is a left coideal subalgenra, 
then 

(H*) N = A N ^H* 

Proposition 2.2. Let H be a finite dimensional Hopf algebra over any 
field k and T a subalgebra of H*. Then: 

(i) H T is a left coideal of H. 

(ii) It T is a left ot a right coideal subalgebra of H* then H T is an 
left coideal subalgebra of H. 

(iii) If T is a normal left subalgebra in H* then H T is a Hopf subal- 
gebra of H. 

(iv) If T is a bialgeba then H T is a normal left coideal subalgebra of 

H. 

(v) . If T is a normal left coideal subalgebra of H* then H T is a Hopf 
subalgebra of H. 

Proof, (i) We need to show that H T <- H* C H T . Let b e T, h G 
H T , peH\ then 

b^(h<-p) = (b^h)<-p = (b,l)(h<-p). 

Hence H T is a left coideal. 

(ii) Assume T is a left coideal. Let b G T, h,h' G H T , then 

b -± (hti) = J2( b i h )( b 2 ~* h') = (6 ^ h)ti = (b, l)hti. 

The second equality follows from the fact that T is a left coideal. The 
same proof works if T is a right coideal subalgebra. 
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(iii) . By (ii) all we need to show is that H T is a right coideal, that 
is H* — ^ H T C H T . Since T is stable under the left adjoint action, we 
have that 

bp = ^2p^ l {p 2 )bp l ) = ^2p2(s~ 1 (pi) ad b) G H*T 
for all b G T, p G if*. Hence we have for b G T, ft G ii T , p G if*, 
b ^ {p ^ h) = bp ^ h = S ^^p^s~ l {p2bpi) h — (b, l){p — ^ ft). 

So (p -» ft) G # r . 

(iv) . Assume T is a coalgebra. We need to show that H T is normal 
in H. Let ft G ii T , x G H, b G T, then 

6 — ^ ^^xiftS , (x 2 ) = 

= ^(fci-ZiX^-ftX^sM) 

= — 51 ^i)ft(&2 - ^ >S'( a; 2)) (since i? is a coalgebra) 
= y^(6i,x 2 )(& 2 , S(x3,))xihS(x4j 
= y](b, l)xihS(x 2 )- 

Hence ^2xihS(x2) G ii T . 

(v) . By (ii) and (iii) H T is a bialgebra. Since ii is finite dimensional 
it follows that it is a Hopf subalgebra. □ 

We have, 

Lemma 2.3. For any subalgebra T of H* and a left coideal A of H we 
have: 

(9) A C H T & (p, a) = (p, 1) (e, a) Va G A, p G T. 

i/ T and A are Ze/t coideal subalgebras of H* and H respectively, then 

(10) A C H T ^>Tc (ii*) A . 
in particular, 

(11) T C (ii*)" T A C ii (H * )A 

Proof. By applying £ ® Id to both sides of (jSJ) we get the right hand side 
of the equivalence in (jH|). Conversely, if A is a left coideal satisfying 
the right hand side of the equivalence, then A C ii T by the definition 
of H T . 

(ITU]) follows directly from ([9j). 

The first inclusion in (fTTj) follows by taking A = ii T in (flOl) . The 
second inclusion follows by replacing ii with H* and taking T = (H*) A . 

□ 
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We can show now, 

Theorem 2.4. Let H be a finite dimensional Hopf algebra, then there 
exists a bijective correspondence between left coideal subalgebras T of 
H* and left coideal subalgebras A of H. The maps 

T — >■ H T A -» {H*) A 

are inverses of each other, that is, 

T=(H*f T A = H^ A 

Proof. Let T be a left coideal subalgebra of H*. Set A = H T , then 
A is a left coideal subalgebra of H by Proposition I2.2( ii). By ( llip . 
T C (H*) A . By Remark 11.14 equality will follows once we prove that 
every nonzero left integral of T is indeed a left integral of (H*) A . Let 
At be a left integral for T. For any p e (H*) A , 

p\ T -a a = p (A T A) = (p, 1)(A T A) 
The last equality follows from the fact that (At — ^ H) C H T = A, and 
A C H( H > by (TTTj) . hence ^At = (p, 1)At and we are done. The proof 
that A = H( H > is identical replacing H by H* and T by A in the 
above arguments. □ 

It follows from the theorem above and Proposition I2.2( iii) that we 
can relate in particular normal left coideal subalgebras of H and Hopf 
subalgebras of H*. 

Corollary 2.5. Let if be a finite dimensional Hopf algebra. Then 
there exists a bijective correspondence between Hopf subalgebras B of 
H* and normal left coideal subalgebras N of H given by: 

B — > H B , N (H*) N . 

Remark 2.6. The corollary above is in fact the bijective correspon- 
dence between normal left coideal subalgebras and Hopf quotients of 
H discussed in [Taj. Explicitly, if B is a Hopf subalgebra of H* and 
7i : H — > B* is the corresponding Hopf projection, that is, 

(7T(/i), &) = </», *■(&)>, 

then 

H con = {he H\hi (8) Tx(h 2 ) = h®l}. 
Now, for al\p e H*, b e B, 

J^/ii ® 7i(h 2 ),p® = (p,b^h). 

Hence it is easy to see that 

(12) H B = H con . 
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Corollary 2.7. Let N = H B . Since 

H = H co?T <g> H/HN+ = H B ®B\ 

we obtain: 

/ tt rx dim if 
dim(^) = — — . 

dim B 

Certain normal left coideal subalgebras appear in [Bu2] as a natural 
generalization of kernels of group representations. For an if-module V 
define its left kernel as follows: 

(13) LKery = {h G H | V" hi <g> h 2 ■ v = h ® v, Vv G V}. 

Remark 2.8. (i) As was noted in [Bu2j . for H = kG, G a group and 
V a representation of G, 

LKery = k[Ker G V\. 

Moreover, LKery is a normal left coideal subalgebra of H. 

(ii) Note that for finite dimensional Hopf algebra H, LKery is a 
D(H)-module, in fact it is a D(H)-module algebra. Moreover, 

(14) LKery = H X v = e. 

(iii) If A a left coideal of H then: 

A C LKery <=>• a ■ v = (e, a)v, Va e A, v G V. 

This follows as in the proof of Q). 

(iv) If V = • V® m% then LKery = f| LKery. 

As a corollary we suggest an additional description of left kernels. 
This can be proved directly by Proposition I2.2( iii) and Theorem 12.41 
It follows however from results of |Bu2] after adaptation. 

Theorem 2.9. Let hi be a Hopf algebra and V a finite dimensional 
representation of H with afforded character xv- Let By be the bialgebra 
(and thus the Hopf subalgebra) of H* generated by xv- Then 

H Bv = LKery. 

Proof. Observe that B^ = f) m ann H V® m . By [Bu2l Th. 2.3.6], H colT = 
LKery, where ir : H — » H / {pimanniiV®™) is the canonical projection. 
The result follows now from (fl2|) . □ 

As a immediate consequence we obtain an alternative proof of the 
generalized Burnside-Brauer theorem given in |Bu2| 4.2.1]. We gener- 
alize the notion of faithful character to Hopf algebras as follows: 
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Definition 2.10. A character \ associated with a representation V 
will be called faithful if LKer v = kl. 

Theorem 2.11. [Bu2[ 4.2.1]. Let H be a semisimple Hopf algebra 
over an algebraically closed field k of characteristic 0, V a representa- 
tion of H with associated character x an d N = LKery. Then the ir- 
reducible characters of H = H/ (N + H) are precisely all the irreducible 
constituents ofx n , n>0. 

Proof. Since V is a representation of H, with a faithful character xv we 
may assume without loss of generality that xv is faithful and H = H. 
By ThfJll 

H Bv = LKery — kl — H H \ 

where By is the Hopf subalgebra of H* generated by xv- By the bijec- 
tive correspondence described in Theorem 12 A\ By = H*. This implies 
that each irreducible character of H appears as a constituent of some 
power of x- D 



Best results are achieved when the semisimple Hopf algebra H is 
an almost cocommutative Hopf algebra, or equivalently, if it has a 
commutative character algebra (see |CW4j ). In this case we give in the 
next theorem an explicit bound to the powers of x appearing above. 

Define the value set 

X{H) = {(x,Vj) I all rjj}. 
We can prove now a full analogue of Burnside-Brauer theorem: 

Theorem 2.12. Let H be a semisimple Hopf algebra such that R{H) 
is commutative and let x be a faithful character of H. Set 

t = number of distinct values in x{H). 

Then each character n of H appears with positive multiplicity in at 
least one of {e, x, X 2 , ■ ■ ■ , X* -1 }- 

Proof. Since x is faithful we have by Theorem 12.111 that all irreducible 
characters of H appear as constituents of powers of x- We will show 
that the fc-span of {e, x, X 2 ? • • • > X <_1 } already contains all powers of x- 
Let {a , . . . a t -i} be the different values of (x,Vj) where a = (x, 1). 
Let 
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where by (171), {F^} are all the central idempotents satisfying xF ii = 
CKjFj.. By assumption T = d^X. By |CW2j we have: 

x = ^2 aiTi 

8=0 

Since {T{\ are orthogonal idempotents we get 

i=0 

for all < / < t — 1. The Vandermonde matrix (a-) is invertible, hence 
each Tj is a linear combination of {e, x, X 2 ? • • • > X* 1 }- Since any power 
of x is a linear combination of the Tj's, it follows that the algebra 
generated by x inside R(H) is spanned over k by {e, x, X 2 ; • • • > X* -1 }- 

□ 

We show next that the only Hopf algebras for which there exist a 1- 
dimensional representation with a faithful character satisfy a stronger 
condition then being almost co commutative. They are in fact both 
commutative and cocommutatie. 

Theorem 2.13. Let H be a semisimple Hopf algebra over an alge- 
braically closed field of characteristic 0. Then the following are equiva- 
lent: 

(i) There exists a 1-dimensional representation of H with a faithful 
character. 

(ii) R{H) = k (a) , where a is a grouplike element of H*. 

(iii) H = (k (a))*, a is a grouplike element of H*. 

Proof. If H = kl then we are done. So, assume H ^ AT. 

(i) =>- (ii). Since V is 1-dimensional, a = xv is a grouplike element 
and a ^ e by (HM . By Theorem I2.11[ each irreducible character x is a 
constituent of o~\ j > 0. Since a- 7 is an irreducible character it follows 
that x — ^ ■ 

(ii) =>- (iii). Since all irreducible representations of H are 1-dimensional 
it follows that if is a commutative algebra, hence H* is cocommutative, 
hence H* = R(H). 

(iii) =^ (i). Take V = ka, then V is an if -module under left hit and 
Xv — °~- By assumption By = H* . By Theorerr i2.9l 

LKery = H Bv = H H * = kl. 



□ 
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3. Retrieving structure properties of H from its 

CHARACTER TABLE 

Let if be a semisimple Hopf algebra over C. Nichols and Richmond 
|NR1| INR2] discussed various properties of R(H) as an inner product 
space with involution. Their method is described as follows. For u = 

v = J2PjXj, set 

(15) (u,v) = ^T l <XiPi 

Then (, ) is an inner product on R(H). Define an involution * on 
characters by 

X* = s(x) 

and extend it to R{H) as follows. For u = a iXi R(H) set 

* v " — * 

U = a iXi 

As an algebra, R{H) has its own set of characters. By |NR2l Remark 
11], for all x G R{H), fi a character defined on R(H) we have: 

(16) (n,x*) = {im,x}. 

By (T5]), Z(H) can be considered as a dual vector space to R(H), but 
the connection is much deeper. 

Recall, as a consequence of the orthogonality of characters given in 
[Laj . R(H) is a symmetric algebra with a symmetric form /3 defined by 

(3{p,q) = (A,pq) , 

where A is the corresponding central form and the Casimir element is 

n— 1 

(17) ^Xfc®s(xfc). 

fc=0 

It follows that for all p G R{H), 

(18) P = $^(A,PXfc>s(x fc ) 

k 

For x G R(H), let l x (r x ) denote the operator of left (right) multipli- 
cation of R{H) by x. 

Theorem 3.1. Let H be a semisimple Hopf algebra over an alge- 
braically closed field of characteristic 0, {rjj} the normalized class sums 
of H as defined in ([6]). Then the irreducible character fij of R(H) corre- 
sponding to the irreducible right R(H)-module fjR(H) can be identified 
inside Z(H) as rjj. In particular (e,f]j) = rrij. 
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Proof. It can be seen that for all < j < m, 

n— 1 , 

See e.g |CW2| Prop. 2.1] where ^22=1 Xkfjs{xk) is denoted there by 
r c (fj). By the definition of fij we have: 

(/ij,x) = Trace(r x o l f .). 

By the trace formula for symmetric algebras (see e.g. [CW2[ Lemma 
1.3]), we have: 

(fij,x) = Trace(r x ol f .) = ^2 (A, Xkfjs(xk)x) = dim ^. H ^ ( A > F i x ) ■ 

The result follows now from the definition of r]j. □ 

Remark 3.2. Since fjR(H) = fjrR(H) for any other primitive idem- 
potent ff of R(H) belonging to Fj, it follows that pj does not de- 
pend on the choice of the primitive idempotent belonging to Fj as was 
demonstrated in Theorem 13.11 

As a corollary of Theorem 13.11 we obtain, 

Corollary 3.3. All entries of the character table are algebraic integers. 



Proof. As proved in [Lo], any character x% satisfies a monic polynomial 
over 2, hence so does its image under the representation Pf^u)- It 
follows that all eigenvalues of Pf 3 R(H){Xi) are algebraic integers and 
hence so is trace(p /ji?( H)(Xi))- By Theorem [3J] trace(p /jR( H)(Xi)) = 
(XhVj)- □ 
As a corollary of Theorem 13.11 and ( fT6l) we obtain: 

Corollary 3.4. When k = C, then for any normalized class sum in H, 
and for any element x G R{H), 



We denote xt = s (Xi) by Xi*- Note that since A is cocommutative, 
we have S{Cj) = S{A <- dFj) = A dSFj. Since dim(FjH*) = 
dim(H*Fj) = dim((SFj)H*), it follows that Srjj is a normalized class 
sum as well. Denote also Srjj by r]j*. Then Corollary 13.41 implies in 
particular that 

(20) = = 

We can prove orthogonality relations for the columns of the general- 
ized character table as follows: 



CHARACTER TABLES AND INVARIANT STRUCTURES 17 

Theorem 3.5. Let H be a d-dimsnsional semisimple Hopf algebra over 
C, then 

^ — ddimjfjRjH)) 
Z^teSkj - °ij dim ( / . i y*) ' 

Proof. 



E(xfc,^>(s(xfc),^) (by d2QD) 



^'(dim(/^))2 (A ' Fi) 



□ 



Remark 3.6. When R(H) is commutative then dim fjR(H) = 1, 
hence for i = j the right hand side of the orthogonality relations boils 
down to di d g . Thus, as for groups, the dimension of each conjugacy 
class can be recovered from the character table. 

Another norm of an element x G R{H) was defined in [NR2] as 
follows: 

WuxW 

(21) N(x) = sup 

Q^u&R(H) |M| 

where || || is the norm obtained from the inner product given in f JT5|) . 
It was proved there |NR2l Th.14.2] that for a character x, 

This implies that if u G R{H) is a nonzero eigenvector of r x with an 
eigenvalue a, then 

(22) M<(X,1>. 
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The following lemma about complex numbers will be an essential 
tool in analyzing values related to the character table. 

Lemma 3.7. Let {ak}™ = i be a set of complex numbers with ct\ ^ 
and let {a>k}™ =1 be a set of non-negative real numbers satisfying: 

m m 

|^afc| = ^a fc and \a k \ < a k 

k=l k=l 

for all 1 < k < m. Then: 

(i) There exists an u G C, \u\ — 1 so that for all 1 < k < n, 

a k = ua k . 

(ii) . If ctj is real for some 1 < j < m, then a k = a k (thus is real) for 
all k. 

Proof. By assumptions, 

m m m m 

k=l k=l k=l k=l 

Hence both inequalities are equalities. The last equality and the second 
assumption implies that \a k \ = a k or equivalently, a k = u k a k where 
\u k \ = 1. We wish to show that uj k = uj\ for all k. 

Well, the triangle inequality for complex numbers implies that for 
any k there exists a non- negative real number r k so that a k = r k a±, 
that is, 

(23) u k a k = r k uJxax. 

Since \uj k \ = IojA = 1, we have, r k = —. Substituting in (123!) . we get 
uj k = u>i for all 1 < k < m. 

(ii) If a.j is real for some j, then Uj = 1 hence U\ = 1 and all u k 
equal 1 as well and the result follows. □ 

We show: 

Theorem 3.8. Let H be a semisimple Hopf algebra over C with a 
character table (^j) where = (Xi,Vj) an d fjR{H) an irreducible 
right R(H) module of dimension rrij . Then 

(i) In each entry of the i-th row of the character table we have: 

\(Xi,Vj)\ < mj(xi,l)- 

(ii) Equality holds if and only if r Xi acts on fjR(H) as a i Id/ j ^(H), 
where \oii\ = (xi, 1). 

(iii) (Xh Vj) = mjiXi, 1) if and only ifr Xi acts on fjR(H) as fa, 1) ^d fjR{H) . 
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Proof, (i) By ( 122|) each eigenvalue of the action of r Xi on fjR(H), 
satisfies \atk\ < (Xi, 1), f° r & U 1 < ^ < By Theorem 13. 1\ (Xi,Vj) * s 
the trace of this action, hence, 

rrij nij 

I (XhVj) I = \ ^2 a k\ < J^KI < mjixiA)- 

k=l k=l 

(ii) If equality holds in (i), then by applying Lemma lBTTl with m = rrij 
and a>k = (xi, 1) for all k, we obtain that all are equal and \a.^\ = 
(Xi, 1). Hence the result follows. The converse is obvious. 

(hi) If (Xi,Vj) = m j(XiA) then by part (ii) it follows that r Xi acts 
on fjR(H) as aldf^^u) ■ Thus by Theorem 13. 1[ (XiiVj) = ® m j, hence 
by assumption a = (xi,rjj). The converse is obvious again. □ 

Remark 3.9. Observe that the theorem above is independent on the 
choice of fj G FjR(H). This follows for part (i) from Remark [3^2] and for 
parts (ii) and (iii) from the right i?(if )-module isomorphism between 
fjR(H) and fj'R(H) for any other primitive idempotent on 

For a central idempotent Fj of R{H) set 

(24) I Fj = {x\xFj = uj x ( X , l)Fj, u x G C, \u x \ = 1}, 

where x is am/ character of H. Based on Theorem 13.81 we obtain the 
following: 

Proposition 3.10. Let H be a semisimple Hopf algebra over C, Fj be 
a central primitive idempotent of R(H), fj any primitive idempotent 
of R(H) so that fjFj = fj and dim fjR(H) = rrij. Then: 

(i) For any irreducible character Xi, 

Xi G I F . <^> \ {Xi,Vj}\ = rrijixiA)- 

(ii) If x ^ Ifj then so does each of its irreducible constituents Xk, 
and u Xk = u x . 

(iii) For each x G If, u x is a root of unity. 

Proof, (i) Assume Xi £ If - Set «j = u Xi (xi,l). Since XiFj — a iFj h 
follows that for all p G R{H), 

fjPXi = fjPFjXi = atifjp. 
That is, r Xi acts on fjR(H) as ctj Id . This implies by Theorem 13.8( h) 
that \(Xi,Vj)\ = mjiXi, 1 )- ■ 

Conversely, if \ (Xi,Vj) \ = m j(Xi, 1) then Theorem l3.8( ii) and Remark 
13.91 imply that r Xi acts on fjR(H) as ctj Id for all primitive idempotents 
fj of R(H) belonging to Fj. Since Fj is their sum it follows that % G Ip r 
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(ii) if x £ Ifj then as in the proof of (i), r x acts on fjR(H) as 
uj x (x, 1) Id . By Theorem 13.11 (rjj, x) is the trace of this action, hence 

(25) (x,Vj) = m jU x (x, !)• 

Assume x = Y2=i n kXk, n k > 0, then by (J25J) , 



rrij 



J2n k ( X k,l) = mj(x,l) = mj\u x (x,l)\ = \(x,Vj)\ = \ Y n k(Xk,Vj)\ 

k=l k=l 

Apply LemmaOwith a k = n k (xk,Vj) an d a k = n k mj{x k , 1), to get 
(Xk,Vj) = u x mj(xk,l) for all 1 < k < n. By part (i), Xk G and 
since x — Y^k=i n kXk it follows that u = u x . 

(iii) Take x £ /f,-- By [NR21 Prop. 5(3)], e is a constituent of x n f° r 
some n > 1. By part (ii), u x n = uj £ = 1. But u x n = (oo x ) n hence u x , is 
a root of unity. □ 

Let Bq be a Hopf subalgebra of a semisimple Hopf algebra B. In 
[NR2[ Prop. 18] the following equivalence relation was defined on simple 
coalgebras of H* : 

(26) C k =b Cy B C k C C k i. 
Let 

B k = C k i. 

C k l=B C k 

Then B B k = B k and B = fc B k . By the proof of [NR2l Prop. 18] 
one can check that the equivalence relation on simple subcoalgebras is 
equivalent to the following equivalence relation defined on irreducible 
characters inside B : 

(27) Xi =b Xj & Xb ^- = X Bo ^ 
Denote by [x k ] the equivalence class of Xk and set y k 

(28) Vk= Yl (Xk'A)Xk'- 

Xfc'6[Xfc] 

Then y = Xb and YlkVk = As is an integral for B and for each 
k, (y k , 1) = dim_B fc . We are ready to prove the following useful propo- 
sition: 

Proposition 3.11. Let H be a semisimple Hopf algebra over an alge- 
braicly closed field k of characteristic 0, x an irreducible character and 
Fj a central primitive idempotent of R(H). Let B be the Hopf algebra 
generated by x- Assume ^ S Jj?.. Then the following hold: 
(i) All irreducible characters inside B belong to Ip.. 
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(ii) Let Bq be the coalgebra generated by all irreducible characters 
Xk £ B so that FjXk — (Xki 1)-^?- Then B Q is a Hopf subalgebra of B. 

(iii) Inside B, consider the equivalence relation defined in fl26|) . Set 
u) = u x . We can arrange B m so that u Xk = u m for all irreducible 
characters Xk £ B m . 

(iv) B = 0^i o B m is a graded algebra and u is a root of unity. The 
number t is the least n so that e is a constituent of x- 

(v) dim B m = dim B for all < m < t — 1. 

Proof, (i). Each irreducible character inside B is a constituent of x l f° r 
some I > 0. But x l Ifj where u x i = u l hence the result follows from 
Proposition 13.10( h) . 

(ii) . Since lo x uj x i = u xx ' for all XiX' B, it follows by Proposition 
I3.10( ii) that Bq is an algebra, and thus a Hopf subalgebra. 

(iii) . First note that for all Xk,Xk' G fifc, we have by (I27I) u Xk = u Xy . 
We wish to show that to each fi^ corresponds a unique u;&. That is, if 
Xk e B k , xt e B t and u Xk = u Xt , then fi fe = B t . 

Since £ is a constituent of x* s (x*) it follows that w s ( Xt ) = u;" 1 . Thus 
Xks(xt) e fio- But then 

Xft*(xt)xt e fiox* c fit. 

On the other hand, since e is a constituent of s(xt)Xt it follows that 
Xk is a constituent of Xks(xt)Xt £ -St- Since fi f is a sub coalgebra it 
follows that Xk £ -Bt- Thus fi& = fi t . 

(iv) . This follows now after arranging the subcpalgebras fi m with re- 
spect to powers of x- 

(v) . Take b G fi m , then we have: 

(M>X>=<M)Ab = &Ab = &J>. 

Since fa/o G fi m and the sum is direct, it follows that 

(29) by = (b,l)y m . 

Take b G fi m so that (b, 1) 7^ 0, (e.g. b = x m ), then applying 1 to both 
sides of (J2HD yields 

(30) dim Bq = dim B m 

for all < m < t — 1. Since x is the only irreducible character in B\ it 
follows that dimfii = (x, l) 2 , hence the result follows. □ 

As a corollary we obtain: 
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Corollary 3.12. With notations as in Proposition 13.111 we have: 
Fjb = u m (b, l)Fj for all b G B m . 

Proof. Let b G B m . By and ([30]) we have: 

□ 

In what follows we wish to generalize an important normal subgroup 
that occurs in group theory to semisimple hopf algebras. Let G be a 
finite group and V a representation of G with associated representation 
X = Xv- Define 

Z(x) = {geG\\( x ,g)\ = (xA)}- 

It is shown (see e.g. [I]) that 

g G Z(x) ^ g-v = u g v, \/v G V. 

In this sense Z(x) is a 'semi kernel' of py. Based on this we define the 
w-left kernel as follows. Let V be a representation of H, set: 

(31) LKer y = {h E H\h\ ® h 2 ■ v = ooh ® v Vt> G V, \oj\ = 1} 

We show: 

Lemma 3.13. Le£ V be a representation of H. 

(i) If ^ LKery then it is a non-zero left D(H) -module, that is, it 
is a left coideal stable under the left adjoint action of H. 

(ii) (LKer y ) (LKery') C LKer^'. 

(iii) If oj = 1 then LKer y C LKery<g>(. 

(iv) Set Lz x = w LKery. Then Lz x is a normal left coideal subal- 
gebra of H. 

Proof, (i) The proof that LKer y is a left coideal stable under the left 
adjoint action of H is exactly as for these properties for LKery as shown 
in [2.1.3] [Eg. 

(ii) This follows by a direct computation. 

(iii) Obsereve that LKery. is a left coideal so that each h G LKer y . acts 
on Vi as co (e, h) Id . Hence we have for all h G LKery, u 1( . . . , v\ G V, 

h ■ (vt <g> • • • <g) vi) = yj hi • v\ <g> • • • ® h • vi = (J {e, h) (v± ® • • • <8> uj). 

By Remark EBKiii), LKery C LKery®!. 

(iv) Follows from parts (i) and (ii). □ 
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Since a;- left kernels are left _D(if )-modules, and since conjugacy 
classes are the irreducible left _D(if )-modules it follows that w-left ker- 
nels are sums of conjugacy classes. In what follows we discuss further 
how they are related. 

The following is the essential step in obtaining left kernels from 
the character table, generalizing the process of recovering normal sub- 
groups of a finite group G from its character table. Denote by CD 7 the 
following left coideal of H which is stable under the left adjoint action: 

rrij 
k=l 

Note that if H is almost cocommutative then & = where €j is as 
defined in (TJJ. Also note that 

7]j G £ j and 7]j <- H* = £ j . 

We can prove now our main theorem. 

Theorem 3.14. Let H be a semisimple Hopf algebra over an alge- 
braicly closed field k of characteristic 0, Xi an irreducible character 
and Fj a central primitive idempotent of R(H). Then the following are 
equivalent: 

(i) FjXi = Ui(Xh l )Fj, = 1. 

(ii) (XuVj) = ^i m j{XiA), M = 1- 

(iii) € j C LKer$. 

Moreover, if the equivalent conditions hold then Ui is a root of unity 
of order t, where t divides dim H. 

Proof, (i) (ii) is Theorem I3.10( i). 

(iii) =>• (ii). If C LKer 1 ^ then in particular rjj G acts as Uiirij 
on Vi, hence (ii) follows. 

(i) =>- (iii). By Remark I2.8( iii) and since <£? is a left coideal, it is 
enough to show , that a ■ v = Ui(e, a)v for all o £ C, v £ Vj. 

As a left i7-module, Vi is a right if *-comodule, with p(v) = Yl v o®vi 
for all v E V{. Take x — Xi i n Proposition 13.1 1[ then spt{vi} C B 1 in 
the same proposition. 
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Let a = (A Fjp) 6C J , v G V. Then: 
a • f = 

v 

= ^^(A, v 1 Fjp)v (since A is cocommutative) 

V 

= 1)^(A, (by Corollary EHJ 

= Ui(e,a)v. 

The fact that w is a root of unity follows from Proposition 13. lOf hi) . 
By Proposition 13.1 II iv)-(v). (dimS) = t(dimSo)- Since (dim B) | (dim H) 
the last result follows. □ 

As a corollary we obtain: 

Theorem 3.15. Let H be a semisimple Hopf algebra over C, B the 
Hopf subalgebra of H* generated by Xi, and Fj a central primitive idem- 
potent of R(H). Then the following are equivalent: 

{i)F jXi = <Xi,l)Fj 

(ii) (xi, rjj) = rrij (xi, 1) . 

(iii) & C LKer Vi = H B . 

In the next section (Lemma 14. 3j) . we show that w-left kernels are 
abundant for factorizable Hopf algebras. 

4. Applications 

In this section we prove properties of semisimple Hopf algebras over C 
related to their character table with particular emphasis on Burnside's 
p a q b theorem. It is known that this theorem fails if we use a sequence 
of normal Hopf subalgebras to define solvability. (A counter example 
of dimension 36 is given in |GN] ). 

A categorical version of Burnside's theorem is given in [ENO] . They 
prove that any fusion category of Frobenius-Perron dimension p a q b is 
solvable. However, it is not clear how to interpret all the categorical 
notions to Hopf algebras. The discussion in this section indicates that 
a sequence of normal left coideal subalgebras should be used to define 
solvability in this case. We prove some of the results in |ENOj for 
semisimple Hopf algebras of dimension p a q b by using the algebraic tools 
we developed in the previous sections. 

We start by proving a Hopf algebra analogue of the following: 
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A theorem of Burnside(see e.g. [U Th. 3.8]): If G is a non-abelian 
simple group then {1} is the only conjugacy class of G which has prime 
power order. 

Note that 1 is considered as a prime power as well. The discus- 
sion goes further and we prove some structural properties mainly of 
factorizable Hopf algebras. 

Recall, if (H, R) is a finite dimensional quasitriangular Hopf algebra 
then the maps f R : H* cop -)■ H, defined by fn(p) = (p,R l )R 2 and 
y* . jj* op ^ jj^ defined by f R {p) = (p, -R 2 )^ 1 are Hopf algebras maps. 
Then Q = R 21 R and the Drindeld map /q is given by /q = f R * f R . 
When (H, R) is a quasitriangular Hopf algebra then R{H) is necessarily 
commutative. If H is also semisimple then the Drinfeld map /q is an 
algebra isomorphism between R(H) and Z(H). 

The ^-matrix for (H, R) is defined by: 

(32) s i:i = (XufqiXj))- 

The quasitriangular Hopf algebra (H, R) is factorizable if /q is a monomor- 
phism, or equivalently, if its 5*-matrix is invertible. 

Assume (H,R) is factorizable. Reorder the set {Fj} so that 

f Q (Fj) = Ej 

for all 1 < j < m. It follows that dim(FjH*) = d 2 , where dj = (xj, 1). 
Recall |CW2j that, after reordering the central primitive idempotents, 
we have: 

(33) f Q {Xj) = y C J = d Wr 

The last equality follows since dim(FjH*) = dim(EjH) = d 2 . It follows 
that the ^-matrix satisfies 

(34) Sij = djOj- 

In what follows we discuss further properties of /q. 

Lemma 4.1. Let (H,R) be a quasitriangular semisimple Hopf algebra 
over k. Then /q maps coalgebras of H* to left coideals stable under the 
adjoint action of H and Hopf subalgebras of H* to normal left coideal 
subalgebras of H. 

Proof. Let C be a subcoalgebra of H*, c EC. By jCWTl Prop.2.5(3)], 
f Q (c) ^P = f Q (fM ^ c - f R ( Pl )) G / Q (C), 

for all p e H*. Since C is a coalgebra we have that /q(C) is a left coideal 
of H. It is stable under the adjoint action of H by [CWlt Prop. 2. 5(5)]. 
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If C is a Hopf subalgebra of H* then all that is left to show is that 
/q(C) is an algebra. Let x,y G C, then by the definition of /q we have, 

/q(^)/q(2/) = fR(x 1 )f R (x 2 )f Q (y) = fU,xi) [fR(x3)adfQ(y)} M^), 

where the last equation follows since fn is an anticoalgebra map. Since 
Jq{C) is stable under the adjoint action of H, the mid term above 
belongs to /q(C). The result follows now from |CWlt Prop. 2. 5(2)]. □ 

If (H, R) is factorizable more can be said: 

Lemma 4.2. Let (H, R) be a factorizable semisimple Hopf algebra over 
k. Then, 

(i) For all < j < n — 1, let R v . be the coalgebra generated by Xj, 
then f Q {R Vj ) = £j- 

(ii) Let N be a left coideal of H. If a character x G f^i-N) then the 
same hold for all its constituents. 

(iii) Let N be a normal left coideal subalgebra of H . Then /q 1 (A^) is 
a Hopf subalgebra of H*. 

Proof, (i) By Lemma H~Tl fqi^Ry.) is a left coideal of H. By (|33|) . rjj G 
fQ^Ry ). Since <£j is the left coideal generated by r]j we have £j C 
fQ^Ry^). But /q is injective and dim^ = d 2 - = dimity., hence equality 
holds. 

(ii) Let x = T, j€ j m jXj, ™j e By fl33]), f Q (x) = J2 j€ j d j m jVj e 
iV. For each j G J, we have djrrijrjj = /q(x) *— Fj G AT. Thus Xj G 

(iii) Since N is a normal left coideal subalgebra, it is a left D(H)- 
module, hence by ([5]), there exists a set J C {0, . . . ,n — 1} so that 
AT = © je j£j. By (i) fg (N) = @j^j{Rv j ) hence it is a coalgebra. 
Let Xk-, Xi £ Iq 1 ^). Since /q is multiplicative on -R(-ff) and N is an 
algebra we have: 

fgixkXi) = fQ(xk)fQ(xi) e A 7 - 

Hence XfcX« 6 /q 1 ^)- By (ii) each constituent of XkXi e /q 1 ^) as 
well. 

We want to show that /^(N) is an algebra. Let a G -Ry 3 , 6 G -Ry fc , 
where ify., i?y fc C fQ X (N). In particular Xj, Xk G AT. Assume XjXfc = 
J2 m iXii then by (ii), each Xi £ an d thus by (i), each i?y C A 7 ". 

W have now, 

a& G ifyify, = ify®^ = ®Ry C /g X (iV). 

□ 
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We show now how w-left kernels arise for factorizabble Hopf algebras. 

Lemma 4.3. Let (H, R) be a factorizable semisimple Hopf algebra over 
C, then 

(i) is an algebraic integer for all 

(ii) // gcd(dj, dj) = 1 and (XiiVj) 0> ^en Ui = a root o/ 
1. Thus & C LKer^;. 

Proof, (i) Since is known to be an algebraic integer, the result follows 
from (BT" 



(ii) Assume (Xi,Vj) 0- Since gcd(di,dj) = 1, we may choose inte- 
gers u, v so that wc?i + vdj = 1. Multiplying both sides by ^f 1 ^ , we 
get 

The first summand on the right hand side is an algebraic integer, which 
we show to be a root of unity, by Corollary 13. 3^ while the second one 
is by the first part. It follows that ^££z> j s an algebraic integer. 

Recall, [V], that Q has finite order, hence its action on Vi <g> Vj is 
diagonalizable with eigenvalues which are roots of unity. Since \% ® Xj 
is the trace of H <g> H acting on Vi <E> V} it follows that 

(xi®Xj,Q) = 

fe=i 

where is a root of unity. Since the S'-matrix is symmetric we have 
by (J32D and (im 



<Xi, »Zj> _ s ii _ (xi®Xj,Q) 

, ^k 



1 



c?^ d <i d^ d i d-i d a 

j j j k=l 

Since is an algebraic integer, which is nonzero by assumption, it 

follows by elementary Galois theory (see e.g [U 3.8]), that all Wk are 
equal and thus the left handside is a root of unity. 

The last part follows since factorizable Hopf algebras are almost co- 
commutative, hence we have rrij = 1 and Cj = £?, the result follows 
from Theorem 13.151 □ 



The following lemma arises from the proof of Burnside p a q b theorem 
for groups. 
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Lemma 4.4. Let H be a semisimple Hopf algebra over C, q a prime 
number. Then for each < j < m — 1 there exists < i < n — 1 so 
that (xi,r]j) 7^ and q does not divide di. 

Proof. By the orthogonality relations with respect to the first column, 
(Theorem 13.51) . we have, 

(35) = ^2d m (xmiVj) 

in 

We claim that there exists i > so that q does not divide di and 
(XiiVj) 7^ 0- Indeed, let S be the set of all V m so that q\d m and let T 
be the set of all non-trivial V m so that q does not divide d m . By fl35|) . 

0=1 + ^ d m(Xm, Vj) + 5^ d ^(Xm, Vj) 

Set 

— {Xm,Vj) 

Then a is an algebraic integer and 

= 1 + qa + ^ dmiXmiVj)- 
V&T 

If the last summand is 0, then a is a rational algebraic integer, hence 
an integer which is impossible. Hence there exists i so that (x%, ^ 
and q J(di. □ 

We are ready to prove a Hopf algebra analogue the theorem of Burn- 
side for groups mentioned at the beginning of this section. 

Theorem 4.5. Let (H, R) be a non- commutative quasitriangular semisim- 
ple Hopf algebra over C whose only normal left coideal subalgebras are 
C and H. Then C is the only conjugacy class of H with a prime power 
dimension. 

Proof. By Lemma I4.1[ Ihi/q is a normal left coideal sbalgebra of H, 
hence by assumption either (i) Ihi/q = C or (ii) Imfg = H. 

(i) If Ihi/q = C then Q = 1 <g> 1 hence H is triangular. In this case 
the Drinfeld element «, is a central grouplike element of order < 2 

[DrllBal]. 

If u ^ 1 then k (u) is a normal left coideal subalgebra hence equals 
H, contradicting non-commutativity. 

If u = 1 then by |EG] . H = [kG) J where J is a twist for kG. By 
|CW2| Cor. 2. 12] H has the same character table as kG and thus has 
the same lattice of normal left coideal subalgebras and by Remark 13.61 
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the same dimensions of conjugacy classes. By the theorem of Burnside 
for groups, G has no conjugacy class with a prime power order, hence 
neither does H. 

(ii) If Iul/q = H then H is factorizable. Let Cj, j > 0, be any conju- 
gacy class. If dimCj = 1 then rjj is a central grouplike element of H 
implying that the group algebra generated by rjj is a normal left coideal 
subalgebra of H. Non-commutativity of H and the hypothesis of the 
theorem imply rjj = s, a contradiction to j > 0. 

Assume dimC, = q l ^ 1. By Lemma T4.4I there exists % > so that Vi 
has dimension prime to q and (XiiVj) 7^ 0- Since H is factorizable we 
have dim((£j) = and so (di,dj) = 1. By Lemma H~37 ii) . there exists 
W, or = 1 and C LKer^., which by Lemma [3.13( iii) is contained in 
LKer v <g>z. In particular C ^ LKer v ®«. 

Thus if dj 7^ 1 we have Xv®i ^ e hence by Remark [278T ii). LKer y ®i ^ 
H, a contradiction. If d{ = 1 then by Theorem 12.131 H must be com- 
mutative, a contradiction. □ 

The following results, culminating in Theorem 14.91 follow directly 
from [ENOj who obtained it using categorical consideratins. We repre- 
sent it here in algebraic terms as consequences of the previous discus- 
sion. 

Proposition 4.6. Let H be a quasitriangular semisimple Hopf algebra 
over C of dimension p a q b , a + b > 1, p, q prime numbers. Then H has 
a proper non-trivial normal left coideal subalgebra. 

Proof. If H is commutative then quasitriangularity implies that it is 
cocommutative, hence a group algebra. Since the order of the group is 
not prime, it has a normal subgroup. Hence H = kG has a non-trivial 
normal left coideal subalgebra. 

Assume H is non- commutative and a > 0. We claim that there 
exists j > so that p does not divide dim^-. This follows from the 
fact that the dimension of each conjugacy class divides the dimension 
of H ( [Kac| [Z]), and their sum equals dim if. Since <£q = C, p can not 
divide the dimensions of all other conjugacy classes. That is, there 
exists j > so that Cj has a prime power dimension. By Theorem 14.5} 
H contains a proper non-trivial normal left coideal subalgebra. □ 

Corollary 4.7. Let H be a semisimple quasitriangular Hopf algebra 
of dimension p a q b ,a + b > 0, over C. Then H admits a nontrivial 1- 
dimensional representation. 
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Proof. Let M ^ if be a maximal normal left coideal subalgebra of if. 
Then if = H/ (M + H) has no non-trivial proper normal left coideal 
subalgebras and dim if = p a q b , a' + b' > 0. Proposition 14.61 implies 
now that a' + V = 1. Hence if = 7L P and thus has a 1-dimensional 
representation which is also an if-representation. □ 

We can show now: 



Proposition 4.8. [ENO, Prop. 9. 9]. Let H be a semisimple Hopf al- 
gebra over C of dimension p a q b , a + b > 0, p,q prime numbers. Then 
if admits a non-trivial 1-dimensional representation and a grouplike 
element a ^ 1. 

Proof. If a + b = 1 then if is a group algebra of prime order and we 
are done. Otherwise, consider the factorizable Hopf algebra D(H). By 
Corollary 14.71 it has a non-trivial 1-dimensional representation, hence 
D(H)* has a non-trivial grouplike element, which by |Ra2] . has the 
form a <8> r, where a E G(H), r E G(H*). If r ^ e and a ^ 1 then we 
are done. 

Assume now r = e. By |Dr[ IRa2] . a ^ 1 is a central grouplike element 
of if. Let iV be the central Hopf subalgebra of H generated by a. Then 
by the induction hypothesis H/ HN + has a 1-dimensinal representation 
hence so does H. The same proof, replacing H with H*, works when 

(7=1. 

□ 

These culminate in: 

Theorem 4.9. Let H be a semisimple Hopf algebra over € of dimen- 
sion p a q b , a + b > 0, p, q prime numbers. Then either H is a group 
algebra of prime order, or H contains a normal left coideal subalgebra 
N so that C g N g H. 

Proof. By Proposition 14.81 H has a non-trivial 1-dimensional represen- 
tation V, hence LKery 7^ if is a normal left coideal subalgebra of if. 
If V is not faithful then £ S LKery and we are done. Otherwise, by 
Theorem I2.13[ ff is a group algebra. If a + b > 1 then this group con- 
tains a normal subgroup N, hence contains kN, a normal left coideal 
subalgebra. If a + b = 1 then if is a group algebra of prime order. □ 

When if is factorizable more can be said: 

Theorem 4.10. Let if is a factorizable semisimple Hopf algebra of 
dimension p a q b , a + b > 0, and let N be a normal left coidal subalgebra 
of if. Then N contains a central grouplike element. In particular, any 
minimal normal left coidal subalgebra of if is a central Hopf subalgebra 
of H of prime order. 
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Proof. By Lemma 14.21 and Proposition 14.81 the Hopf algebra /q X (A^) 
contains a non-trivial grouplike element. Since /q maps grouplike ele- 
ments of H* to central grouplike elements of H we are done. The rest 
is straightforward. □ 
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